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Abstract. The measure on generalized solenoids constructed using filters by Dutkay 
and Jorgensen in |12) is analyzed further by writing the solenoid as the product of a 
torus and a Cantor set. Using this decomposition, key differences arc revealed between 
>»"^ ' solenoid measures associated with classical filters in KL d and those associated with filters 

^ c"j on inflated fractal sets. In particular, it is shown that the classical case produces atomic 

fiber measures, and as a result supports both suitably defined solenoid MSF wavelets and 
systems of imprimitivity for the corresponding wavelet representation of the generalized 
Baumslag-Solitar group. In contrast, the fiber measures for filters on inflated fractal 
spaces cannot be atomic, and thus can support neither MSF wavelets nor systems of 
imprimitivity 

0\ • 1. Introduction 

o ■ 

Let d be a positive integer and A be a diagonal d x d matrix whose diagonal entries 
Ni, N 2 , ■ ■ ■ ,N d are integers greater than 1. We write N = (Ni, N 2 ,--- , N d ), and define 
to be the induced map on T d given by 0(z) = (z 1 ^ 1 , z 2 2 , ■ ' ' i z d d )- I n this context, 
the generalized solenoid Sp is the inverse limit of T d under the map /3. Methods of 
constructing probability measures on generalized solenoids via filter functions were first 
explored by Dutkay and Jorgensen in |12] and worked out explicitly for the solenoid given 
by d = 1, N\ = 2 and the filter m(z) = corresponding to the inflated Cantor set 
wavelet by Dutkay in [SJ. In a recent paper, Baggett, Larsen, Packer, Raeburn, and 
Ramsay used a slightly different construction to obtain probability measures on solenoids 
from more general filters on T d associated to integer dilation matrices [3]. The filters used 
in all of these papers, though not necessarily low-pass in the classical sense of the term 
|22j . are required to be non-zero except on a set of measure 0, and bounded away from 
in a neighborhood of the origin. 

In Section [21 we will describe in detail the construction given in [4] of the probability 
measure r on Sp. Using the discussion in Chapters 3 and 4 of P. Jorgensen's book [18J, 
we then examine the decomposition of r over the ci-torus T d , with fiber measures on the 
Cantor set. We show that for the measure on the solenoid built from classical filters in 
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M. d , the fiber measures are atomic, while for measures built from filters on inflated fractal 
sets, the fiber measures have no atoms. 

In the remaining two sections, we explore the consequences of this distinction between 
the classical and fractal cases. First, in Section 13.11 we define the notion of a solenoid 
MSF (minimally supported frequency) wavelet using the Hilbert space L 2 (S/3,r). This 
definition can be applied to both classical filters and filters on inflated fractals. Thus we 
are able to extend the concept of an MSF wavelet to the case of inflated fractal sets, where 
the standard Fourier transform is not available. The definition on the solenoid also allows 
us to compare the classical and fractal cases. We show that solenoid MSF wavelets exist 
if and only if the fiber measures on the Cantor set are almost everywhere atomic. Thus 
the difference between the nature of the fiber measures in the classical and fractal cases 
causes a difference in the existence of solenoid MSF wavelets. 

Section 2] examines a further implication for the related representation of the gen- 
eralized Baumslag-Solitar group on L 2 (Sp,T). Let Qa = U?l A~ J (Z d ) C Q d represent 
the v4-adic rationals in ~R d . The generalized Baumslag-Solitar group BSa is a semidirect 
product, with elements in Qa x Z arid with group operation given by 

(gi,rai) • (g 2 , ra 2 ) = (gi + A~ mi (q 2 ),m 1 + m 2 ), 

gi,g 2 £ Qa, m i, m 2 G In Section HI we show that if ip G L 2 (S/3,r) corresponds to 
a single wavelet for dilation and translation, then ip is a solenoid MSF wavelet if and 
only if the wavelet subspaces {Wj : j 6 Z} for ip form a system of imprimitivity for 
this representation, so that it is induced in the sense of Mackey from a representation 
of the discrete subgroup of A-adic rationals Qa- Thus a single wavelet on the solenoid is 
induced from the A-adic rationals if and only if the fiber measures are atomic. In the 
course of obtaining this result, we generalize a theorem of E. Weber |26] relating ordinary 
MSF wavelets in L 2 (M) to wavelet subspaces that are invariant under relevant translation 
operators. 

The upshot of our study is to draw striking distinctions between solenoids associated 
with classical and fractal filters. The key difference is that the multiresolution analyses 
coming from the standard inflated fractal sets will not carry solenoid MSF wavelets in the 
sense defined here. This is not so surprising in light of recent work of Dutkay, D. Larson, 
and S. Silvestrov |13j . In contrast, classical multiresolution analyses carry solenoid MSF 
wavelets as well as standard Fourier MSF wavelets. In the classical case, the existence of 
MSF wavelets was an essential tool in proving the existence of single wavelets in L 2 (M. d ). 
It is not yet known whether or not the inflated fractal Hilbert spaces and associated 
dilation and translation operators support a single wavelet. Another consequence of the 
existence of MSF wavelets in the classical case was the fact that the representation of 
the associated Baumslag-Solitar group is induced from the discrete subgroup Qa- We 
have shown in Section H] that the connection between the existence of MSF wavelets 
and systems of imprimitivity for representations of Baumslag-Solitar carries over to the 
solenoid spaces. Thus, because we have solenoid MSF wavelets for solenoids built from 
classical filters, the representation of Baumslag Solitar on L 2 (Sp,r) can also be seen to 
be induced from Qa in the classical filter case. However, for filters on inflated fractals, 
the representations on the associated solenoid space cannot be induced from the A-adic 
rationals. 
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2. Construction of probability measures on solenoids from filter functions 
and their direct integral decompositions 

Our context will be as follows: Let X C M d , and suppose X is invariant under under 
translations by {v : v G Z d } and under multiplication by the expansive integer diagonal 
matrix A with = N^. Define N = det A = NiN 2 ■ ■ • Let fi be a a-finite Borel 
measure on X that is invariant under integer translations. Suppose there is a positive 
constant K < N such that fi(A(S)) = Kfi(S) for S a Borel subset of X. Define dilation 
and translation operators D and {T v : v G Z d } on L 2 (X,fj,) by 

D(f)(x) = VKf(Ax), 

T v {f){x) = f{x-v), f G L 2 (X,/i). 

A calculation shows that T V D = DTa v - 

In this paper we will consider two classes of such spaces. In the classical examples, we 
have X = W d with Lebesgue measure [i. In the other class of examples, X is built from 
a fractal T C M. d satisfying T = U^ 1 (y4~ 1 J r + v % ) for fixed elements v 1 , ■ ■ ■ ,v K G M d . 
We assume that this system satisfies the separation requirement given by the open set 
condition |16j . Following |10j . X is then defined to be an inflated fractal 

TZ = U i6Z U, eZd A-\F + v), 

and \i is defined to be Hausdorff measure of dimension \o^ N [K) restricted to 1Z, which 
coincides with the Hutchinson measure |16j . It will be useful to describe the classical 
example in the same terms as the fractal example by taking T to be [0, l] d , K = N, and 
K,^V--,^} = {(f,f ■■■j^:0<J l <N l }. 

In both classes of examples there is a natural multiresolution (MRA) structure on 
L 2 (X, /i), which can be described as follows. We define a scaling function = xf- 
Translates of are orthonormal, and we define the core subspace Vq of the MRA to be 
the closure of their span. Setting Vj = D^{Vq) it can be shown (see [4]) that Uj^zVj is 
dense in L 2 (X,fi) and H^V,- = {0}. The inclusion Vj C V} + i follows from the fact that 

1 - 

(i) <i>=-=y, dt ^)- 

If z = (zi, ■ ■ • ,Zd) G T d and v = (vx, ■ ■ • ,Vd) G Z, d , we will use the notation z v = 
zl 1 ■ z V 2 ■ ■ ■ ■ z" d d . With this notation, the refinement equation ([T|) above gives a low pass 
filter for dilation by A defined by m(z) = YliLi Uk zV *j z This filter will satisfy 

\m{w)\ 2 = N, z eT d . 

{w./3(w)=z} 

We now recall the definition of the probability measure on the generalized solenoid Sp 
that was developed in |12j . [9], and [4]. As above, we write (5(z) = (z^ 1 , z^ 2 , ■ ■ ■ , z^ d ). 

Proposition 2.1. (Proposition 6.2 of^) Denote by 7r n the canonical map ofSp onto the 
nth copy ofT d . Let m : T d — > C be a Borel function such that the inverse image m _1 ({0}) 
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has Haar measure equal to that in addition satisfies 



\m{w)\ 2 = N, a.e. z £ T d . 



{w:/3(w)=z} 



Then there is a unique probability measure r on Sp such that for every f £ C(T d ) 



(2) 



[ (fon n )dr= [ f(z)(ir;Zi\rn(P j (m 2 )dz 



The inverse limit group Sp carries a natural group automorphism induced by the shift, 
which is commonly studied in topological dynamics: 

Corollary 2.2. Let Sp = {(z n )'^' =0 : z n £ T d , Vn, 0(z n+ {) = z n , Vn} be the inverse limit 
space described in Proposition ^. 1\ Define a : Sp M- Sp by cr((z n )^L ) = (( n )™ =0 , ( n = 
z n+i, n > 1. Then a is a group automorphism of Sp with inverse given by <T _1 ((w n )^ ) = 
( z n)n=oi where z = (3(w ), and z n = w n _ l5 n>l. 

Proof. It is an easy calculation that a is a group homomorphism, and that its inverse 
is given by the formula above for c -1 . Thus o is a group automorphism, as desired. □ 

Proposition 2.3. The measure r is quasi-invariant with respect to a. that is, t(E) = 
if and only if r(cr(E)) = if and only if r(a~ l (E)) = 0. The Radon-Nikodym derivatives 
are given as follows: 



dr o a 



(V) 



1 



dr 



2 ' 



and 



dr o a 



i 



(rj) = \m{-K {rj))\ 2 . 



Proof. It suffices to show that 




and 
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In fact it is enough to prove these equations for functions of the form / o 7r n , where 
/ G C(T d ). We prove the second equality, the first being proved analogously. 

/ (fon n )oa-\r ] )\m(Mr ] )\ 2 dr(r ] )=[ f {^ n {r,)))\m{p n (tt^))| 2 dr(r,) 

J Sp JSp 

= [ (fo/3x \mof3 n \ 2 )o'n n {r 1 )dr{r l ) 




(Note that we made use of a generalization of the alternate form of the definition of r given 
in m Proposition 4.2(i)]: f Sp {f<n n ) dr = f T ^(E^H= 2 fH(UU |m(/3»)| 2 )) dz.) 

□ 

In a broader context where (3 is the multiplicative dual of multiplication by an arbitrary 
expansive integer dilation matrix A, B. Brenken has noted in [7] that the corresponding 
solenoid Sp can be expressed as a locally trivial principal S-bundle over T d for some 
O-dimensional group S. In Corollary 12. 2\ A is the diagonal matrix with diagonal entries 
N\, N 2 , ■ ■ ■ , Nj. In the case where d — 1, S is a variant of the Cantor set. Using another 
point of view, Jorgensen in j!8] views Sp as a bundle over T d whose fibers can be viewed as 
"random walks". Given a filter m on T d , for each z G T d he is able to define a probability 
measure P z on the space of trees in the random walks. In this section, our aim is to 
combine the approaches of Brenken and Jorgensen and express the measure r on Sp as a 
direct integral measure over T d of Borel measures v z each defined on S. The measures u z 
correspond to the random walk measures P z of Jorgensen in a natural way. 

We first observe that by using exact sequences of compact abelian groups, the fiber S 
over z G T d can be describe in the following way: if 

= {{zn)n=o ■ z n G T d ; z n = (3{z n+l ),n> 0}, 
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then fixing z G T d , the fiber ({z}) can be identified with the 0- dimensional group 

Zp = {(z n )n=o ■ Zn G T d ; z n = (3(z n+1 ),n> 0; z = l Jd }. 

Choosing any Borel cross-section c : T d — > Sp satisfying ir o c = Idjd, the correspon- 
dence p : 7Tq ({2}) — >■ £/3 is given by 

p((^n)£°=o) = (^n)^o ' c ( 2 o) 1 - 

Example 2.4. We can describe the map p explicitly in the case where d = 1 and A = (JV). 
We define a Borel cross-section c : T — )■ 5^ by 

c(e 2 ^) = (e^)- , 
for £ G [0, 1) The map p : 7Tg ({z}) — > X/3, in this case is given by 

p((z n r =0 ) = (*«-e-^)~ , 

where ;?o = e 2mt ° . Indeed, in this case, we can go further, and identify Hp with the 
compact abelian group of iV-adic integers, which is 0- dimensional, as follows. Let Zjv 
denote the iV-adic integer group, so that 

oo 

Z N = JJ{0,1,..- ,iV-l}, 

j=0 

with the product topology coming from the discrete topology on the finite set 
{0, 1, • • • , N — 1} and group action induced by odometer addition, with the "carrying" 
operation taking place to the right. The map $ : rijlo{0> 1> ' ' ' > N — 1} = TL^ — )■ Hp is 
given by 

*((a»)£o) = MZo, 

where 

z = 1 and z n = e Nn for n > 1. 
By construction, z = 1, and it is easily checked that (3(z n ) = (z n ) N = z n -i, Wn G N. 

Routine calculations show that in the above example, there is a Borel isomorphism 
between the Cartesian product Tx and the TV-solenoid Sp given by 

: T x = T x Z N -> Sp, 

where 

9(M«X=o) = c(^)-(l,e 2 ™^e 2m T,---,e 2 -^^,---). 
To generalize Example 12.41 to higher dimensions, we will use the notation 
e(t) = e(ti, t 2 , ■ • ■ , t d ) = (e 2nitl , e 2nit \ ■■■ , e 2nitd ). Write Hp for the kernel of the projec- 
tion map 7T : Sp — > T d , and define the cross section c : T d — > Sp by 

c(e(t)) = (e(A-t))- . 

There is a Borel isomorphism 6 : T d x — >• 5^ defined by 

Q(z, f]) = c(z)r) 
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Under the Borel isomorphism 0, the shift map a : Sp i— )■ Sp corresponds to a map on the 
Cartesian product T d x Hp which we denote by 

a = Q- 1 o a o : T d x Ep -»■ fxE^. 

A computation then shows that 

(3) a(e(t), (v n r =0 )) = «A~\t))^ ([e(A^ (t))^ n+1 } • [c(e(A~\t) m ) n ]-^ =0 ) , 
and 

(4) a-\e(tl ( Vn )~ =0 ) = (e(t), (1, (e(^(t)) • Vn-x[c(e(A(t))) n ]-^ =1 ). 

where rj = 1 and c : T d — >• is the Borel cross-section discussed above. 
We let 

oo oo 

k = nK°' i '---' iv i- i } >< { o ' i '---' iv 2-i}x---x{o ) i,---,iv rf -i}]cn[ z i- 

j=0 j=0 

Just as in the above example, we can identify Hp with Z^. It is not difficult to show that 
the map then can be described by 

n-l 

0(z, (an)- ) = c(z) ■ (1, e^-^ap)), e(^ 2 (a + A( ai ))), • • • , e(i4""( A'(a,))), • • • ). 
while a can be described by 

(5) ?(e(t),(a,)°° =0 ) = (e^-^t + ao))^^)^)- 

Similarly, if we define s : [0, l) d -± % A by s(t) = k = (jfej, fc 2 , • ■ ■ , fc d ) if t e [J^, ^±1) x 

x ' • • x [ft' then 5? " 1 is s ivin s b ^ 

(6) ^(eft), = (e(A(t)),( S (t),a , ai , •••))• 

Using the map 0, we obtain the following result concerning the decomposition of the 
measure r of Proposition 12.11 We remark here that while we have been able to make an 
explicit decomposition, of the measure, there is a general theorem that could have been 
applied. References to earlier work in this direction and a proof of a suitable general 
theorem can be found in Lemma 4.4 of 14 . 



Proposition 2.5. Let m : T d — >■ C be a Borel function such that the inverse image 
111 h as Haar measure equal to that in addition satisfies 

\m{w)\ 2 = N, a.e. z e T d . 

{weT d :/3(w)=z} 

Let t be the Borel measure on Sp constructed using the filter m. Using the Borel iso- 
morphism : T d x ZJ4 — > Sp defined in the above paragraph, the measure r = r o 
corresponds to a direct integral 

t = / dv z dz, 
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where the measure v z for z = e(t) on Tr^ 1 ^}) = Hp = TL d A is defined on cylinder sets by 

oo 

I / a ({a o }x...x{a*_ 1 }xJ][{0,l,... , ^-1} x {0, 1, • • • , iV 2 -l} x • • • x {0, 1, • • • ,N d -l}}) 

j=k 



7 = 1 i=0 



Proof. We have already seen how the measure r is defined on the solenoid Sp as 
follows: If / G C(T d ) and fcGM are fixed, then 



fon k {{ Zl )T = ,)dr{{ Zl )) = f 



k-1 



E f(w)H\m(P(w))\ 2 dz, 

{weT d :f3 k (w)=z} 3=0 



where for fixed k e N, vr^ : 1S/3 — >• T d is the projection map described earlier. Then for 
feC(T d ), 

/ / / o 7T fe o Q(z, (^)Zo)d^ z dz 

Jjd J 

= (( /°7r fc (c^)-(l,e(A- 1 (a ),e(A- 2 (a + ^^ 

Jt* J ~L 



I I f(e(A-\tMA- k C£Ai aj ))dv 



3=0 



dt 



f [o,iy N k 



fc-i 



IX 



E /(e(A- fc (t))e(A- fe (E^'( a .))) : 

ao,ai,- ,a*_ielli=i[{0,l- ,^-1}] 3=0 

k k-1 

xH|m(e(^(t))e(i-^A«(a,)))l^ 



j'=i 



i=0 



fc— 1 

= / ^ e /Hni^)i 2 ^ 



{«;eT d :/3 fe («;)=2} j'=0 



/O7r,((^ )^((^))- 



It follows that with respect to the Borel isomorphism 6 : T d x Z, d A — y Sp, we have 



dv z dz = t. 



□ 
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It follows directly from Proposition 12.31 and the definition of G that the measures r 
and roff -1 are equivalent, and that the Radon-Nikodym derivative is given by 

droa- 1 2 
— T= — = \m(z)\ ■ 

(XT 

We now investigate conditions on the filter m : T d — > C under which any of the 
measures v z : z G T d will be atomic. This has been investigated within the framework of 
random walks in Chapters 2 and 3 of |18j ; here, we take a slightly different approach. 



Lemma 2.6. Let m : T d — > C be a filter for dilation by the matrix A as defined in 
Proposition \2. 51 For each z G T d , let v z be the measure on Z^ constructed in Proposition 
\2.5\ Then v z has atoms if and only if there is a sequence (a.,-)°^ G Z^ such that for each 
n G N, m(e(A~ n (t)) ■ e(A~ n (%2™~ A*(aj)))) ^ 0, and moreover such that the sequence 



1 n— 1 

-=\m{e{A- n {t)).e{A- n C£ Al ^))))\ 
VN ._„ 



i=0 

converges to 1 at a sufficiently rapid rate. 

Proof. Suppose z G T d and (a,-)^ G Z^ satisfy u z ({(sLj)°l }) > 0. Since (a,-)^ is 
the unique element of the nested intersection 

oo d 

nr= [{ao} x " " " x M x II H^ ' • • • > N * ~ 

j=k+l i=l 

it follows that writing z = e(t) with t G [0, l) d , we have 

oo d 

^({(a;)r=o}) = fc l™ i/,({ao} x • • • x {a^} x nil^ ' ' ' > N * ~ Wh) 

j=k i=l 

= ]^ II I^W^Ct)) • e(A"'(£ ^(a,))))| 2 . 

j=l i=0 

Thus in order to have ^({(a?)^}) > it is necessary and sufficient that the infinite 
product 

oo j-1 

IJ-=|m(e(i4-i(t)).e(^(X;^(a*))))| 



j=l v «=0 

converge to a positive number. This will happen if and only if 

m(e(A-J'(t)) ■ e(A^'(X) ^W))) ^ Vj G N 

j=0 

and the terms ^=|m(e(A^'(t)) -e(A-''(Ei=o A '( a *))))l 

converge to 1 at a sufficiently rapid 
rate as j — > oo. □ 
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Example 2.7. We discuss the conditions of Lemma 12.61 further in the case where d = 
1, A — (N), and m is low-pass in the classical sense of |22j . Thus, suppose that m(l) = 
y/N, m is Lipschitz continuous in a neighborhood of z = 1, and m satisfies Cohen's 
condition, so that it is non-zero in a large enough neighborhood of 1. Let us also assume 
that m is a Laurent polynomial in z G T, (i.e., is a so-called "FIR" filter). The discussion 
which follows has its roots in the description of "cycles" given by Dutkay and Jorgensen 
in Section 2 of [llj. 

Let Z m = {z G T : |m(^)| = \/N}. Since m is a Laurent polynomial, so is \m\ 2 , 
and it follows that the set Z m will be finite. Following Lemma 12.6} suppose (a n )^L G 

n~ {°' 1, • • ■ , - 1} has the property that for some t G [0, 1), m(e(±) ■ e( E ^ J °' JV ' )) ^ 
Vj G N. In this case it is possible that for z = e(t), 

^({Kr= }) > o, 

so that 

^({(%r=o» = n>(e(^)-e( ^ % ))l 2 . 
i=i 

Since lim^oo e(t/N^) = 1, by continuity we have 

lim 4fK e (^ J >e(^%^))| = lim -^| m(e ( ^=^ ))|. 

But in order for lim^oo |m(e( z "^"' — ))| 2 = iV, the values {e( 2 "'^ f "' — )} must be 
becoming arbitrarily close to elements in Z m . Given the fact that # £ m is finite, and m is 
a Laurent polynomial and continuous on the unit circle, this dictates restrictive conditions 
on the choice of the (aj)£E. - ^ n exploring these conditions, we will make use of the key 
observation that 

i=i 

One way the conditions can be met is if {e( ^ - — )} converges to a point Zo m 

Z m , which happens in the classical case for z Q = 1 G i£ m . If lim^oo e( ^ fc ' — ) exists, 
the sequence is Cauchy, and an easy argument shows that there must exist J > and 
a G {0, 1, • • ■ ,N — 1} such that for all j > J, dj = a. 

A second way to achieve lim^oo |m(e( ^ ' — )) | 2 = A^ is to have the points e( = ^ fc ' — ) 
bounce around very close to a variety of points z G Z m as gets larger and larger. When 
Z m is finite, this can only happen under special circumstances. Suppose that for some 
fixed positive integer I > 1, and {di, d 2 , ■ ■ • , di} G {0,1, ■ ■ • , N — 1}, we have the 
repeating iV-adic expression 

oo I , 
_ \ ^ \ ^ U-i+k 

j=0 i=l 

satisfying e(xk) G Z m . for k = 0, 1, •••,/ — 1. Then it is possible to construct (cii)°Z G 
n^ {0, 1, • • • ,N — 1} that is an atom as follows: 
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Fix a non-negative integer J, and choose a Q , a 1; a 2 , • • ■ ,aji G {0, 1, • • • , N — 1} 
arbitrarily, and for all j > and z = 1, let 

a (J+i)«+« = di-i + i 
It will then be the case that as k — > oo, 



/ i=i 

will tend to one of the / values e(#o), e(#i), • • " > e(^-i) G 2 m . 

It might seem that any choice {di,d 2 , • • • , c?z} will do in this construction, for I as 
large as we want. But this is not the case, because as noted above, the accumulation 
points e(x ), e(xi), • • • , e(xj_i) all need to be in Z m . Moreover if one has made such a 
choice of dj's, with e(x ) = e(£)°l Z)i=i j^)> tnen 

i=l j=0 v 7 



J2 di Nl ^- ^^=i^-^ 



N l — I v JV l - 1 ' 

i=l 

2wi — 1=0 

= e jv'-i 

Thus the only possible elements of Z m that can possibly give rise to sequences having 
atoms are numbers modulus 1 of the form e(r) where r is a rational number in [0, 1) lying 
in 

U^{r = g = N l - 1 and < p <N l -I}. 

We leave to the interested reader the verification that if d > 1 with dilation factors 
Ni, N 2 , ■ ■ ■ , iV^, the only possible elements of Z m that can possibly give rise to sequences 
having atoms are numbers modulus 1 of the form e(r) where r is a <i-tuple of rational 
numbers in [0, l) d that are elements of 

U^U^r = (-,-,•■■ ,-); ft = - 1 and < Vl <N l >-l}. 

qi q2 qd 

More generally, it is intriguing that the existence of atoms is independent of the fiber 
z = e(t) G T d chosen. However, if an atom does exist in the fiber, the value of the fiber 
measure v z on the atom will depend on z. 

We expand further on the decomposition of the measure r in the case of a classical 
low-pass filter, and recall Theorem 6.6 of |4]. Reviewing the set-up for this theorem, let 
m : T d — > C be a low-pass filter for dilation by N in the sense of [22], that is, suppose 
that m is Lipschitz continuous at 1, is non-zero in a sufficiently large neighborhood of 1, 
and satisfies 

\m{w)\ 2 = N, a.e.z G T d . 

w.fi(w)=z 

We also assume m be a Laurent polynomial in the variables {zi, z 2 , ■ ■ ■ Zd) of z. Let A be 
the diagonal matrix with diagonal entries iV 1; N 2 , • ■ ■ , N d , and let N = Yli=i Ni- It is then 
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a standard construction due to Mallat and Meyer that defining the Fourier transform of 
the scaling function <fi G L 2 (M. d ) by 

oo 1 
j=l V 

this product converges pointwise and in L 2 (M. d ). Theorem 6.6 of [4J states that if we define 
the winding line map w : JBL d — > Sp by 

w(t) = (e(t),e(A-\t)), e(A- 2 (t)),-.. ,e(A- n (t)), •••,), 

then for any / G L 2 (Sp, r), 

f fdr = / /o W (t)|J(t)| 2 dt. 

This result states that r is supported on the image of w in Sp, that is, on the winding 
line L w , the image of R under iy in the iV-solenoid. In this case, the structure of the fiber 
measures v z can be deduced exactly Let O m = {x G [0, 1) : \m(e 2mx )\ = \/N} and F m = 
{(On=o ■ EZo WTi = x G O m } be as before. Defining z = e 2 * u with t G [-§, §), if 

we fix (a n )^L G F m and make the assumption that m(e 2mt > ■ e 2m 1 n™ ) ^ Vn e N, 
we then obtain 

As a result of this analysis, we have deduced the following result: 

Proposition 2.8. Let m : T d — > C be a classical low-pass filter, and let r be the Borel 
probability measure on the solenoid Sp associated to m by Proposition \2.1\ Decompose 
t as dr = J Td dv z dz as in Proposition \2.5l Then for almost every z G T d , there is a 
countable subset E z C tcq 1 ({z}) such that v z (uS) > Vw G E z and v z (itq ({z})\E z ) = 0. 

Proof. We know v is supported on L w = {w(t) : t G M} C Sp. Because of this, 
r(Sp\L w ) = 0. It follows that for almost all z G T, v z (itq ({z})\L w ) = 0. Thus for almost 
all z G T, the nature of the measure v z on tt^Hz}) can be deduced from its behavior on 
the intersection tTq ({z}) D E w . Now an arbitrary element 

(e(x),e(A- 1 (x)), e(A- 2 (t)),---,e(A-"(x)),---,) G L w 

will be an element of TTo 1 ({z}) for z = e(t), t G [0, l) d if and only if e((x) = z which 
will occur if and only if x = t + k for some k G Z d , where t is the unique element in 
[0, l) d such that e(t) = z. We note that each k G Z d gives rise to a different element of 
E w . Thus {w(t + k) : k G Z d } = L w fl 7r ({z}) and for almost all z, v z is supported on 
this countable set. 

To give an example, suppose d = 1, and suppose k G N is a positive integer. Give 
k its Ni = iV-adic expansion, i.e. write k = J^i=o f° r a suitable choice of digits 

aj G {0, 1, • • • , N — 1}. Then for any n G iV with n > j^, the number 
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so that considering the map 1 : S@ — > T x n^=o{^' 1> " ' ' ^ ~ 1}' 

e- x (Mt + k)}) = {(e(t) 1 (a Ol a ll -- ) a jW ,0,0,-,)}. 
We deduce from the earlier portion of the proof that 

z/ z ({(a , • • • , a jfc _x, 0, 0, • • • , )}) = 



Similarly, if — k is a negative integer, one can use the iV-adic expansion of — k with 
only a finite number of digits not equal to N — 1 to show that for (b = iV — a , b x = 
jV-l-ax,--- ,b jk - 1 = N-l-aj h - 1 ,N-l,N-l,N-l,--- ,) G Y\™ {0,l r --,N-1}, 
we have 

^({(b , bi, • • • , b ifc _i, b jk = N - 1, N - 1, N - 1 • • • , )}) = |f (t - k)| 2 . 
It follows that setting W z = Kq 1 ({z} n L w , we have that W z is countable, and since 

Vm(W,) = u z (U k&d {(e 2 -^r =0 }) 

= ^^({(e(A-«(t + k))- }) = ^|0(t + k)| 2 = 1, 
kez d k d ez 
if we let Eg consist of the set of those points in W z having positive measure, E z is both 
countable and made up of atoms with v z (E z ) = 1. Since r(U ze jdE z ) = j Td u z (E z )dz = 
1 = r(Sp), it follows that we must have z/ z (7r ( ^ 1 ({2;}\-E' z ) = 0, for almost all z G T d . □ 

Example 2.9. Consider the classical Haar filter m(z) = 1+ ^t z2 defined on T correspond- 
ing to dilation by iV = 3. We have seen in the proposition above that the measure v z 
corresponding to the fiber 

oo oo 

{*}x J]{0,1,2} C Tx J]{0,1,2} 

3=0 3=0 

will have an atom at (a , a 1; a 2 , ■ ■ • , ) if and only if there exists J such that we either 
have a.j = Of or every j > J, or we have a.j = 2 for every j > J. This means that any 
atom (a , ai, a 2 , • • • , ) G n^oi^! 1) 2} = S 3 corresponds to the natural embedding of the 
integers in S 3 . Thus, if we have either a,, = for all j > J or a,, = 2 for all j > J, and 
z = e 2mt , the value of the fiber measure i/ 2 ({(a , ai, a 2 , • ■ ■ )}) will be equal to |0(t + n)| 2 , 
where (a , a 1; a 2 , • ■ ■ ) corresponds to the integer n G Z. 

Example 2.10. Consider the non-classical filter m(z) = associated to the inflated 
Cantor set wavelet in |10j . We note that m is Lipschitz continuous, and an easy application 
of the triangle inequality shows that < v^2 < for all z G T. It follows that for 

all z G T, the measure v z never has atoms. This is true as well to the non-classical filter 
m(z,w) = l+z + w associated to the inflated Sierpinski gasket set wavelet in [8j. By the 
triangle inequality, we have \m(z, w)\ < |. The dilation on the inflated Sierpinski gasket 

set comes from the 2x2 matrix ( 2 ) ' anC ^ ^ e sc l uare roc ^ °^ ^ ne determinant of 
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this matrix is 2. Again, we have > m ^ w '> < | < 1 for all (z,w) G T 2 . It follows that if one 
considers the measure r on the inverse limit of T 2 coming from the map (z, w) i— > (z 2 , w 2 ), 
the fiber measures on the generalized Sierpinski gasket sets corresponding to a fixed 
(z, w) G T 2 will not have atoms. 

3. Finding generalized MSF wavelets in the L 2 spaces of solenoids 

Let m : T d — > C be a Borel function with z/(m _1 ({0})) = satisfying the filter equation 

\m(w)\ 2 = N, a.e.z G T d ; 

{w.w N =z} 

Here N = |det(^4)|, where A is a diagonal expansive matrix. Let r be the Borel measure 
on S@ = hm(T, z (->■ z N ) constructed using the filter m in Proposition 12. II We recall from 
Corollary 5.8 of [H] and as modified by Corollary 6.5 of [3], that if the filter m gives rise 
to a multi-resolution analysis, either on an inflated fractal space (X, fi) or on M. d , there 
is a "modified" Fourier transform T : L 2 (X, /i) — > L 2 (Sp,T), where (X, //) represents 
the measure space carrying the original multiresolution analysis; recall that X C M. d and 
might be all of M d with \x equal to Lebesgue measure, or might be an inflated fractal set 
with \i singular with respect to Lebesgue measure. 

For J 7 : L 2 (X,n) — > L 2 (Sp,T), it was established in Theorem 6.4 of [4] that for any 
/ G L 2 (S/3, r), and every v G Z d , 

7-oT u ojr*(/)((z n )-o) = 4(f)((z n )™ = o),VveZ d , 

and 

FoD- l oF(f){{z n )™ =0 ) = m(z ).foa-\(z n )~ =0 ). 

Here {T v : v G Z d } are the unitary translation operators on L 2 (X,fi) and D is the 
unitary dilation operator. 

Our aim in this section is to use our previous decomposition of probability measures 
on solenoids to set possible conditions under which L 2 (X, /x) will contain within it a single 
unit vector ip such that {D^T v {%p) : v G Z d , j G Z} is an orthonormal basis for L 2 (X,fi). 
It will be desirable that such a single wavelet if) should have as many properties of MSF 
(minimally supported frequency) wavelets in L 2 (M. d ) as possible. Setting if> = ^(ip), 
the "single wavelet" condition is equivalent to finding a vector if) G L 2 (Sp,T) such that 
{D^T v {ip) : j,k G Z} is an orthonormal basis for L 2 (Sp, r), where here D = T o D o J 7 * 
and T„ = JoT^o J*. We model our study after the study of MSF wavelets in L 2 (M. d ). 

Definition 3.1. Let (X, fi) be an inflated fractal set, and let if) be a unit vector in L 2 (X, /x) 
that is a single orthonormal wavelet in L 2 (X, fi) for translation by Z d and dilation by the 
diagonal dilation matrix A. We say that if) is a generalized MSF wavelet if if) is equal to 
X((z n ))xE, for E a Borel subset of Sp such that r{a^{E) fl a k (E)) = for j 7^ A; and 
r(5 / 3\(Uj g zC r - ? (-E)) = 0, and some function A : Sp — > C. 

Definition 13. II is deceivingly simple. For example, let (71, fi) be the inflated fractal set 
contained in M created from the Cantor set. It is an open question as to whether or not 
MSF-wavelets, or even single wavelets, occur in L 2 (7t). 
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Remark 3.2. Formula 6.7 in Theorem 6.6 of |4j shows us that even when (X,fi) = 
(R d , Lebesgue), and m is a classical low-pass filter, and we compute J-'i'ip) for if) an ordinary 
MSF wavelet in L 2 (R d ), we cannot expect that the function A will be a constant function. 

In the rest of this section, we investigate a few properties that E C Sp and A : Sp — > C 
would need to have in order that J 7 * (A • xe) be an MSF single wavelet in L 2 (X). 

First, given an MSF wavelet ip G L 2 (X, //), the family {T v (ip) : v G Z d } is an orthonor- 
mal set in L 2 (X,fi). It follows that 

K(A-Xe): vEZ d } 

is an orthonormal set in L 2 (S^, r), and from this we deduce that the family 

{z v X o e(z, (a n )) XE o 6 : vEZ d } 

is an orthonormal set in L 2 (T d x Z^,r). 

We now wish to apply the knowledge of r obtained in the previous section to this 
question. Note that xe°9 = Xq- 1 (e)i so ° ur first a i m will be to come up with conditions 
on a subset E' C T d x 7L d A and (by abuse of notation) A : T d x Z A — » C that will guarantee 
{z v X ■ (x'e) '■ v ^ is an orthonormal set in L 2 (T d x Z^,r). The following is just a 
restatement of the notion of orthonormality. 

Lemma 3.3. Let E' be a Borel subset ofT d x Z d A , and let X : T d x Z d A -> C 6e a 5ore/ 
function. Define h : T d — > C 

= / |A(^,(a n ))| 2 rfz/,. 

Tnen {^A-xbO : v G Z d } an orthonormal set in L 2 (T d x Z A , r) i/ and only if h(z) = 1 
as an element of L 2 (T d ). 

Proof. If h(z) = 1 as an element of L 2 (T d ), then by the theory of Fourier series, we 
know that f Jd h(z)dz = 1, a.e. z G T d and for every v G Z d \{0}, J Td z v h{z)dz = 0. For 
f , n' G Z d , the inner product of z v X ■ xe< and z v ' X ■ xe'i which we can write as 



(z v Xxe',z v> Xxe>), 



is exactly 



z v-v 



z"X ■ Xe'Z v 'X ■ XE'dr 
\X(z, (a„))| 2 aV 2 
z"- v 'h{z)dz. 



dz 



So if h(z) = 1, the family {z v X-xe>} is orthonormal in L 2 (T d xZ^. Conversely, if {z v X-xe>} 
is orthonormal in L 2 (T d x Z^, we must have h(z) = 1 in L 2 (T d ). □ 

From this result, we obtain the following corollary, in the case where A depends only 
on the variable z : 
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Corollary 3.4. Let E' be a Borel subset of'T d x Z^, and A : T d — > C is a B or el junction. 
Then {z v \(z)xe>) ■ v e Z d } is an orthonormal set in L 2 (T d x Z^,r) if and only if 

Proof. Assume that {z v X(z)xe') '■ v G Z d } is an orthonormal set in L 2 {T d x 
U% [ Z A]j,r)- We know from Lemma EJ that h(z) = \\(z)\ 2 v z (E' z ) = 1 a.e. z G T d . 
But this implies that v z (E' z ) = n^jp a.e. 2 G T d . 

Conversely, if v z (E' z ) = rw^jp a - e - 2 ^ then = 1 a.e. 2 G T d , so that by 
Lemma KE\{z v \(z)xe>) ■ v G Z d } is an orthonormal set in L 2 (T d x Z^,r). □ 

Note now that if E' C T d x Z^ satisfies the conditions of Corollary I3.4[ it will be the 
case that 

Gpm{z v \(z,(a n ))xE>)'- veZ d } C L 2 (E',f). 
The following proposition gives necessary and sufficient conditions on E' to have 

span{z v A(z, M) X e>) : f G Z rf } = L 2 (£',f). 

Proposition 3.5. Lei £" C T d x Z^ and A : T d x Z^ — >■ C satisfy the conditions of 
Corollary \3.4\ Then 

^an{z v \ ■ ( X e>) ■ veZ d } = L 2 (E',t) 
if and only if upon setting z = e(t), for every m G Z d and] G NU {0}, 
i-i 

[e(A-\t)} m [e(J2 ^'(ai))] m A(e(t), M) X E*((e(t), (a 0) a 1; • • • , a n , • • • )) 

i=0 

G spare-JVA • Xe' : i> G Z d }. 

Proof. Suppose that span{z u A • xe 1 '■ v G Z d } = L 2 (E',f). Then for every g G 
il^xn^V-.JV-l}^, ^,(a,)^ )-A- XB ' G L 2 (E',t) =spm{z v \(z) XE > : 
f G Z d }. In particular, if we fix m G Z d and j G N U {0}, the function 

3-1 

^(e(t),(ao,a 1| ..- l a B ,... | )) = [e(^(t))] m [e(^ ^(aO)]™ G L°°(T d x Z^, r), 

i=0 

so that [e(A- 3 '(t))] m [e(Eto 1 ^'( a i))] m • A • xe' e span{^A • xs' : «e 

Conversely, suppose that z = e(t). For every m G Z d and j G N U {0}, we have that 

3-1 

[e(A-* (t))] n [e(£, ^'(ai))] m A • X ^((e(t), (a , a 1; ■ • • , a„, • • • )) 

i=0 

G span{;z v A • xs' : v e Z d }. 
We now consider x — A~i{m) as an element of Sp. For each / G L 2 (Sp,T), 

T x (f)((z n )~ =0 ) = (zjT ■ f((z n )™ =0 ). 
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Let E = Q(E'). Then to say that 

i-i 

[e(A^(t))] ,n [e(^;A i ^(a i ))] m A.X£!'((e(t),(ao,a 1 ,... ,a n ,-..)) G span{^A-^ : ^Z d } 

is equivalent to saying that T X (X ■ XE(( z n)^Lo) G span{T t) (A • xs) : f £ Z d },Vx G «S^. 
But if T X (A • xb) G span{T„(A • xe) '■ v G Z d }, Vx G <Sg, it follows that for every 
finite linear combination of characters p in Sp, p((z n )^L ) = 5^»=i Q iXij M P (X ■ Xe) = 
[^2iLi CiiT Xi }(\ ■ Xe) G span{T t) (A ■ Xs) : f G Z '}. By the Stone-Weierstrass Theorem, 
{p G C(Sp) : p a polynomial in Sp} is dense in C{Sp) in the uniform norm. It follows 
that for every h G C(Sp), M h (\ ■ xe) = h ■ X ■ xe) G span{T v (A • X-e) : u G Z d }. Since 
{M/j : h G (7(5^)} is dense in {M g : (7 G L 00 ( l S / 3,r)} in the weak operator topology, we 
obtain that {M g (X ■ xe) = 9 • X ■ Xe '■ 9 G L°°(5 / 3,r)} is contained in span{T fc (A • x_e) : 
k G Z}. Thus L 2 (E,t) = {M g (X ■ xe) = 9 • A • xe ■ 9 G £°°(<S/3, r)} is contained in 
span {71, (A • Xe) '■ v G Z d }. Since it is obvious that spaTTjT^A • Xe) '■ v G Z d } C L 2 (E, r), 
we see that 

span{f„(A ■ xe) : u G Z d } = L 2 (£,r). 
By our measure-theoretic isomorphism between (Sp, r) and (T d x Z^, r), this implies that 

span{^A o 6 • X e> ■ v G Z d } = L 2 (E',f), 

as desired. □ 

Corollary 13.41 and Proposition 13.51 immediately give us the following result. 

Corollary 3.6. Let E' C T d x Z^ and suppose that A : T d x ZJ4 — )■ C is a Borel function. 
Then A • x_e' a generalized MSF wavelet in L 2 {T x Z^,r) i/ and only if the following 
three conditions are satisfied: 

(1) The sets {a^(E') : j G Z} are pairwise disjoint up to sets ofr andr(T d xZ d i \Uj e z 
ai(E'))=0, 

(2) f E , \X(z,(a n ))\ 2 du z = 1, a.ezGT. 

(3) L 2 (E',t) = span{z v X ■ X e> ■ ve Z d }. 

We can rewrite condition (3) in Corollary 13.61 to obtain the following characterization 
of generalized MSF wavelets. 

Theorem 3.7. Let E' C T d x Z^ and suppose that A : T d x Z^ — > C is a Borel function. 
Then A • xe' a generalized MSF wavelet in L 2 (T d x Z^,r) i/ and only if the following 
three conditions are satisfied: 

(1) The sets {a^(E') : j G Z} are pairwise disjoint up to sets ofr and r(T d x Z^\Uj e z 
^(£'))=0, 

(2) f £ , |A(^,(a n ))| 2 aV z = 1, a.e. 2 G T d . 

(3') For almost all z <E T, E' z = {(aj)^ : (2;, (aj)£L ) G £"} nas a single atom 
with respect to u z , that is, for almost all z, there exists (aj)£L G -F/, sitc/i £/ia£ 
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Proof. Assume that A ■ Xe' is a generalized MSF wavelet. By Corollary I3.6[ we 
can assume that conditions (1), (2) and (3) hold for E' . This setting is a special case 
of a theorem of G. W. Mackey (Theorem 2.11 of |21j) about a direct integral of Hilbert 
spaces relative to a measure that has a decomposition over a quotient space. Mackey's 
theorem says that the original direct integral is naturally isomorphic to the direct integral 
over the quotient space of the direct integrals over the fibers. In our case, the original 
Hilbert spaces are all equal to C, and the measure f is decomposed over T d relative to 
the Haar measure on T, with fiber measures v z as in Proposition 2.4. For each z let H z 
be L 2 (E',i> z ). Then Mackey's theorem assures us that the spaces H z form an integrable 
bundle and that 



in such a way that the class of a bounded Borel function / in L 2 (t) corresponds to the 
class of the section of the bundle over T d whose value at each z is the class of / in H z . 
This works because the bounded Borel functions are square-integrable relative to every 
finite measure, providing a dense subspace in every one of the Hilbert spaces involved. 

In particular, the function Xe> corresponds in this particular way to a section ip of 
the Hilbert bundle over T d whose fibers are the spaces H z . Multiplying ip by Laurent 
polynomials in z times \{z) gives a subspace of the sections of the bundle that is L 2 - 
dense because the corresponding functions on E' are dense. Hence, for almost every z 
the one-dimensional space spanned by ip{z) is dense in H z . Thus almost every H z is one 
dimensional, which implies that v z is a point mass for almost every z. 

Conversely, if (1) and (2) hold and almost every v z is a point mass, we have that almost 
every H z is one dimensional. Thus the space of multiples of ip by Laurent polynomials 
times A is dense in the space of L 2 sections. This implies that the same multiples of xe 1 
are dense in L 2 (j). Thus, condition (3) holds, and by Corollary 13.61 we have that A • xe' 
is a generalized MSF wavelet. □ 

As an immediate consequence of the above theorem, we see that the MRA correspond- 
ing to the inflated Cantor fractal set and the inflated Sierpinski fractal set cannot have 
generalized MSF single wavelets: 

Corollary 3.8. LetL 2 (X,/j,) be a measure space carrying a translation by 7L d and dilation 
by the diagonal dilation matrix A, and suppose that L 2 (X,fi) has a MRA corresponding 
to a single scaling function <fi and a finite wavelet family {ipi} 1 ^ 1 C L 2 (A, /i), with cor- 
responding continuous "low-pass" filter function m : T d — > C. If \m{z)\ < \/N, Vz G T d , 
then L 2 (X,n) does not have a MSF wavelet corresponding to the translation and dilation 
operators. 

Proof. Since |m(z)| < V~N, Vz 6 T d , the fiber measures v z will never have atoms, 
by Lemma [2.61 By Theorem 13. 1\ we see that L 2 (X,n) will not have MSF wavelets. □ 

Remark 3.9. Corollary 13.81 does not rule out the existence of a single wavelet in the 
inflated fractal spaces corresponding to the Cantor set or Sierpinski gasket. It just states 
that if a single wavelet does exist, it cannot be a generalized MSF wavelet as defined 
above. 
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Remark 3.10. Let us consider Proposition [33] in the context of Proposition |2T8| where we 
have a classical low-pass filter giving rise to a classical MRA. Let N = 2 and m(z) = 
which is the filter corresponding to the Haar wavelet. Recall that a standard computation 
shows that in this case, the Fourier transform of the scaling function </> is given by 

p 2Tiit i 

iit) = -• 

In this case, we consider the Shannon wavelet set W = [— 1, — |) U [~, 1) C 1R. The 
winding line map from M to S2 is given by 

, . , 2irit 2irit 2irit . 

w{t) = (e 2m \e— , e^",... ,e^,--- ,). 
The image of W under the winding line map is E- U E+, where 

. , , n-4. 2-Kit 2irit 2ivit . r 1 > 

E_ = {(e 2 ^,e— , e-f,... ,e^,--- ,) : * G [-1, --)} 

and 

E + = {(e 2mt ,e—, e^,..-,e^, •••,): t G [-, 1)}. 

We now construct i?' = 6 _1 (-E'_ U E + ) C T x n^Lo*^' 1}> wnere one can compute 
that 

Note that for i G 

c(e 2 ™') = (e 2mt ,e * ,e 2- ,...,), 



and for t G [|, 1), 

It follows that for t G [— 1, — |), 

0" 1 oc( 

and for t G [|, 1), 



„ .. „ ., 2iri(t — 1) 27ri(i-l) 

c (e 2 -*) = (e 2 ™*, e^^, • • • , , •••,), 



9- 1 o c(e 27rit ) = (e 2 "*,e 27ri -5,--- ,e 27ri "^,-- - ,), 



e^o^H = (e 27r VV ,e 27r ^,-- - ,). 
This shows us that for t G [— 1, — |), 

e -1 o c(e 27rit ) = (e 2 "',a = 1 = 2 - l,a x = 1,-- -a„ = l,---) 
and for t G [~, 1), 

6" 1 o c (e 27ri ') = (e 2 ™*, a = 1, a x = 0, • • • a n = 0, • • • ). 
Thus E' = E' + U E'_, for 

= {(e 2 «*,a = l = 2-l,a 1 = l,---a n = l ) ---) : te[-l,-i)} 

and 

= {(e 2 ^,a = l,a 1 = 0,---a n = 0,---) : t G [~, 1)}. 
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By Proposition ESI for t G [-|, 0), 

u e 2wu(7TQ 1 (e 27rit ) n E') = |0(t + l)| 2 , 

and for t G [0, |), 

^K"'(e M )ni?) = |0(t-i)| 2 , 

We deduce that defining the standard cross-section map 9 : T — )■ R such that 9{z) = t 
for t G [--, \) with z = e 2nit , and define A : T R by 

H*)= 2!al \ W 0(z) G [-1,0), 

<f>(9(z) + 1) 2 

and 

-2) - 1 Z 



2/ 



the function A(z) ■ xe> is the image in L 2 (T x n^Loi^' l}j> r ) °f an MSF wavelet in L 
for dilation by 2. This of course comes as no surprise, since we constructed both X(z) and 
E' directly from the Shannon wavelet set. 

4. The wavelet representation of the Baumslag-Solitar group, the measure r, 

on S/3, and induced representations 

We now relate the existence of generalized MSF wavelets to certain properties of the 
associated representation of the Baumslag-Solitar group. Recall that for N > 2, the 
classical Baumslag-Solitar group BSn has two generators a, b, satisfying the relations 

aba' 1 = b N . 

The discrete group BSn can also be written as a semidirect product Qn x<? Z where 
9(q) = Nq, for q G Qn, the iV-adic rationals. We generalize the Baumslag-Solitar group to 
diagonal dxd dilation matrices A with diagonal entries N\, N 2 , • • • , all integers > 2. 
Recall we consider the A-adic rationals Qa = U°^ A _J [Q d ], and defining 9 : Qa — > Qa 
by 0(q) = ^(q)j we can parametrize Qa x e Z as the set of pairs {(q, m) : q G Qa, m G Z}, 
where the group operation is given by 

(qi,mi) ■ (q2,m 2 ) = (qi + A~ mi (q 2 ),mi + m 2 ). 

Denote this group by BSa- If X C M. d is a subset invariant under integral translation and 
dilation by A, and /i is a cr-finite Borel measure on X that is invariant under translation 
by the integers and quasi-invariant via the constant K > under dilation by A, so that 
[i(A(S)) = K/j,(S) for all Borel subsets S of X, there is a related representation of -BSU 
on L 2 (X, //), called a wavelet representation of .BSU, defined on L 2 (X,n) by 

W/((q,m))(/)(x) = (ViVr/(A™(x-q)), / G L 2 (X,/i). 

We remark that for d — 1, the generator a G -BSV corresponds to (1, 0) and the generator 
6 corresponds to (0, —1) G Qat x\q Z. 

Let m be a quadrature mirror filter on T d with respect to dilation by A such that the 
Haar measure of m _1 ({0}) is equal to 0. Usually the filter m will be a polynomial filter 
coming from the self- similarity relation satisfied by the generating subset of X C M. d . In 
earlier sections, we studied the structure of the measure r on S» such that the wavelet 
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representation of BSa on L 2 (X, /x) is equivalent to the representation on L 2 (S/3, r) defined 
by 

W(v)(f)(z n )™ =0 ) = T v (f)((z n )™ =0 ) = (z y- f((z n r =0 ), feL\S,,r),ve Z d , 

and 

W(b)(f)((z n )Zo) = D-\f)((z n )Z ) = m(z ).foa-\(z n )Zo). 

For simplicity of notation we have used W to denote both the (equivalent) representations 
of BS A rks on L 2 (X, /x) and L 2 (5 /3 ,r). 

We now suppose that a wavelet representation of the above form, either on L 2 (S^,t) 
or on L 2 (X, /x), has a single orthonormal wavelet, i.e. suppose there exists ip £ L 2 (X, /x) 
such that {DiT v (ijj) : j £ Z, v £ Z d , } is an orthonormal basis for L 2 (X,fi). Our aim 
is to characterize when ^ is a generalized MSF frequency wavelet in terms of properties 
of the associated wavelet representation. 

The following theorem is related to a theorem from Eric Weber's 1999 CU Ph.D. thesis 
[26] , which gave necessary and sufficient conditions for a single wavelet for dilation by 
N in L 2 (R) to be an MSF wavelet, in terms of the invariance of the wavelet subspace 
Wq C L 2 (R) under translation by R. In our more general case, the space X C R d does 
not necessary carry an action by translation by all of R d , but only by the group Qa- As 
before, T : L 2 (X, /x) — > L 2 ( l S / 3,r) represents the generalized Fourier transform of Dutkay 
from the Hilbert space associated to the (possibly fractal) space X to the Hilbert space 
associated to the solenoid. 

Theorem 4.1. Let g be an orthonormal wavelet in L 2 (S/3, r) corresponding to dilation by 
D and translation operators T v , v £ Z d . Then, the following are equivalent: 

i) J 7-1 ^) is a generalized MSF wavelet in the sense of Definition ^. 1\ 

ii) For each j £ Z, the set Wj = span{D j T v (g); v £ Z d } is invariant under the 
operators {T q } for all A-adic rational numbers q £ Qa- 

Proof, i) implies ii): Suppose that ip = J r ^ 1 {g) is a generalized MSF wavelet in 
the sense of Definition 13.11 This means that g((z n )^ =0 ) = \(zo)xE{(z n )^ =0 ) where the 
sets {a^{E) : j £ Z} are pairwise disjoint up to sets of r-measure and r{Sp\ Uj 6 z 
o-i(E)) = 0, with A : T d -> C satisfying f Jd \\(z)\ 2 v z (E z )dz = 1. We now show that 

Wo = span{T„(g); v £ Z d } is invariant under the operators {T q : q £ Qa}- We note 
that by definition, for q = A~ j (v), v £ Z d , j £ N U {0}, 

Uf)((^r=o) = <q,CO£o>/(CO£*) = te)V((*0£o), feL 2 (S?,T), ve z d . 

To say that / £ Wo is equivalent to saying that / vanishes almost everywhere off of E. But 
if / vanishes almost everywhere off of E, it is clear that T q (/) = {zj) v ■ f vanishes almost 
everywhere off of E, so that T q (/) £ Wo- Thus Wo is invariant under T q , V q £ Q^- 
In a similar fashion, assuming that i) holds, / £ Wj if and only if / vanishes r almost 
everywhere off of a^(E). But if / vanishes r almost everywhere off of a^(E), T q (/) = 
{zj) m ■ f will vanish r-almost everywhere off of o~i(E). Thus Wj is invariant under T a , and 
since q £ Qa was chosen arbitrarily, we see that Wj is invariant under T q , V q £ Qa- 
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ii) implies i): Let ip = ^^(g) be an orthonormal wavelet in L 2 (X,u), so that 
{T k (ip) : k G Z} forms an orthonormal set. Then {T k (g) : k G Z} is an orthonormal 
set in L 2 (Sp,r), and by hypothesis, Wo = span{T^(g) : v G Z '} is invariant under 
Tq, V q G Q A . Let E = supp(#). We want to show that span{f v (g) : v G Z d } = L 2 (£, r). 
By the formula giving the operators T v , for t> G Z d , it is certainly true that 

span{f v (g): v G Z d } C L 2 (E,r). 

To show that span{T„(g) : t> G Z d } = L 2 (E,r), it suffices to show that whenever 
/ G L 2 (E,t) is a compactly supported simple function with support F lying in i?, then 
/ G span{T„(g) : i> G Z d }. Since for any fixed j G Z, we know that Wj is invariant under 
T v Wv G Z d , it follows that T q (g) G span{T v (g) : v G Z d }, for every q G Qa = Sp. 
Since finite linear combinations of characters are norm-dense in C(Sp), we obtain that 
p((z n )) ■ g((z n )) G span{T 1 ,((yf) : t> G Z d }, for any continuous function p defined on Sp. 
From this we deduce that if q G L°°(Sp, r) is an essentially bounded function defined on 
Sp, then q • g is in span{T v (g) : t> G Z d }. Let w G L°°(Sp,T) be the unique function of 
modulus 1 defined on Sp such that u-g — \g\. It follows that \g\ G span{T v (g) : v G Z d }. 

For n = 1, let ^ = {(z n ) G £ : |^((^))| > 1}, for n > 2, let = {(z n ) G £ : ^ > 
\g((z n ))\ > i}, and define F„ = F fl E n . Note that the sets {F n } are pairwise disjoint 
and their union is equal to F. Let K = sup|/((z n ))|. Fix e > 0, and find N such that 
T(U„>Ar-F n ) < jf. Note that ^ is bounded on \J n < N F n) since |^| = ^ which is strictly less 

than iV on U n <jv- Let — g • Xu n<N F„- Then since / is bounded, / is bounded as well, 

and by our earlier remarks, fa ■ g is an element of span{T fc (g) : /c G Z}. One calculates 
/at • g = f ■ Xu n < N F n - We see that f N -gis equal to / on U n <ArF n , so that 

Wfa-g-fW = \\f ■ Xu n>N F n \\ < K ■ \\xu n>N F n \\ 
= K ■ (r(U n>N F n )) < e. 

Since span{T„((?) : t> G Z d } is closed in L 2 (Sp,r), we obtain that / G span{T v (g) : 
f G Z d }. Since the set of all such /'s is dense in L 2 (E,t), we obtain that L 2 (E,r) C 
span{T„(g) : t> G Z d }. It follows that 

L 2 (E,r) = span{f„(^) : t> G Z d }, 

and g — A • xb> f° r A G L 2 (Sp,r) so that J 7-1 ^) is a generalized MSF wavelet, as 
desired. □ 

Next we will show that in the case where one can find a single wavelet ip G L 2 (X, /i), 
whether or not ip can be classified as a generalized MSF wavelet is characterized by 
whether the wavelet subspaces determined by ip give the wavelet representation the struc- 
ture of an induced representation. First, we consider the case where there exists a subset 
C of Sp = Qa such that Ind^,^ J c "fdr is equivalent to the wavelet representation W. 
In this case, the Imprimitivity Theorem of G. Mackey shows that if W is induced from a 
representation U of on the Hilbert space C, there must be a projection- valued measure 
from BS a /(Qa) to L 2 (Sp,r) such that 



MEASURES ON SOLENOIDS 



23 



Since BSa/(Qa) — Z, an Y projection valued measure on BSn amounts to a orthogonal 
decomposition of L 2 (5 ( g,r) into infinitely many closed subspaces: 

L 2 (S p ,t) = © neZ W n . 

In particular, setting P{ n } = P Wn := P n , so that P n represents the orthogonal projec- 
tion of L 2 (S/3,t) onto W n , Mackey's Theorem gives the necessary conditions 

WV-n)^W(0,n) = Pn, Vn G Z, 

and 

WV q ,o)iW (q ,o) = Po, Vq G Qa. 

This is equivalent to the statement that the subspace Wo is invariant under the transla- 
tions T q , Vq G Qn, or, what is the same thing, the subspaces Wj are invariant under all 
integer translations. 

Since W^_ x) PqW^-i) = Pi, and D = W^ l _ 1)} we obtain S(W ) = W x . It follows 
that if the representation of BSa above is induced from a representation U of the subgroup 
Qa in such a way that there exists g G Wo with {T v (g) : v G Z d } being an orthonormal 
basis for Wo, then {D^T v (g)} will be an orthonormal basis for Wj, for each j G Z. By 
the induced representation assumption, L 2 (5 ( g,r) = ©jg^Wj. If g exists, it would follow 
that g would be an orthonormal wavelet in L 2 (S/3,t) for dilation by D and translation 
by {T v : t> G Z d . We will now show that if any wavelet of this type exists, it must be a 
generalized MSF wavelet; i.e., there will exist E C S@ with {o~i(E) : j G Z} pairwise 
disjoint up to sets of r- measure with r(Sp\ Uj 6 z cr^{E)) = 0, and a function A : T d — > C 
such that J Td |A(z)| 2 z/ 2 (E z )<i2 = 1 and g{{z n )%L Q ) = X(zQ)xE((z n )^ =Q ). 

Theorem 4.2. Let ip G L 2 (X,fi) be a single wavelet with associated unitary dilation and 
translation operators D and {T v : G Z d } ; i.e. suppose that {D^T^ip) : j G Z, v G Z d } 
is an orthonormal basis for L 2 (X,fx). Let J 7 : L 2 (X,fi) — > L 2 (Sp,T) be the generalized 
Fourier transform of Dutkay corresponding to a multiresolution analysis coming from a 
self-similar space L 2 (X,fi). Then, the following are equivalent: 

i) ip is a generalized MSF wavelet. 

ii) The wavelet subspaces Wj = span{D^T v {ip)} are the closed subspace correspond- 
ing to a system of imprimitivity {Pj : [j] G BSa/Qa}- 

Proof. Assume that condition i) holds. We know that the wavelet representation 
generated by D and {T v : v G Z d } on L 2 (X, fi) is unitarily equivalent to the representation 
on L 2 (5 / 3, r) generated by D and {T v : v G Z d }. As in the beginning of this section, we 
denote this latter representation by W. Theorem 14. 1^ condition i) implies that for each 
j G Z, Wj is invariant under the operators {T v : v G Z d }. From the discussion given prior 
to the statement of the Theorem, in order that the wavelet representation W : BSa — > 
U(L 2 (S/3,r)) be induced from a representation of Qa, we need to construct a projection- 
valued measure {P n : n G Z} onto L 2 (S/3,t), such that for every (q, n) G Z and 
every S C Z = Q A ><e Z/Z, 



(7) 



W^_ k) P (f) = P k W { ^ k) f, Wke Z, q G Qa- 
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By condition i), J r (^) = A ■ xe, where E C Sp is a Borel set such that the sets 
{a^(E) : j G Z} pairwise disjoint up to sets of r-measure and T^SpWUj^a 1 (E)}) = 0. 
Setting Wj = L 2 ((x~• ? (-E , ), r), we claim that defining Pj = P^, we obtain a projection- 
valued measure on Z satisfying the desired imprimitivity conditions. First we note that 
Wj J- W k for j 7^ k, so that the projections {Pj : j 6 Z} are mutually orthogonal. 
Secondly, it's clear that ©-, e z-^ 2 (cr- ? (£'), r) = L 2 (S/3, r). Therefore our definition provides 
a projection- valued measure from Z into projections on L 2 (Sp, r). We now show that this 
projection-valued measure satisfies the requirements stated in Equation [7J 

To verify Equation [7J it is enough to show that 

W(q, k)Pj = iV*W(q, k), V(q, fc)GQ^ 9 Z, Vj G Z. 

Recall that given unitary operators D and T q , q G Qa on L 2 (Sp, r), as defined above, 
iy(q, n) is defined by 

W(q,n); = % ■ D n . 
we obtain the wavelet representation of the Baumslag-Solitar group BSa- 
We calculate: 

W(q,k)P 3 f((z n )) = (ci(z n ))-D k f((z n ))-x„ H E) 
k l 

i=\ m \ z i-) 

On the other hand, 

Pj_ k W(ci,k)f((z n )) = XaJ - k{E y%D k f((z n )) 

k x 

= (q, (Zn)) ■ Xai-HE) ■ nilZT^} ■ f ° ° k (( Z n)n= )- 

We have established the equality 

W(q,k)Pj = Pj„ k W(q,k) 

and it follows that Equation [7J is satisfied, so that W is a representation that is induced 
from a representation on Qa, with imprimitivity structure provided by the pairwise or- 
thogonal wavelet subspaces. We thus have established condition (ii). 

Assume now that condition (ii) holds. Then Equation [7J is satisfied with respect to 
the wavelet subspaces {Wj : j G Z}. In particular, Equation [7J is satisfied with respect to 
W = spanjf^J 7 ^) : k G Z}. so that W{q,0)P = P W(q,0), V q G Q A , or, what 
is the same thing, Wq is invariant under the translation operators T q , V q G Qa- Note 
that 

D%D-i = T^, V j G Z, and all q G Qa, 

so that 

f^7^& = D%, V j G Z, and all q G Qa- 

Since Wj = D j (W ,) for any h G W i5 we can find f E W with /i = D j (f). Then if 
r G Q A , 

f r (h) = f r &{f) = &f^(f). 
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Since we have shown Wq is invariant under the translation operators Tp, V /3 G Qn, 
f^(r){f) G W . But then D^f^(f) G D^(W ) = Wj. It follows that for each fixed 
j G Z, Wj is invariant under T r , V r G Q^. □ 

Now suppose that either of the equivalent conditions of Theorem 14.21 are satisfied, 
and E is the subset of (Sp,r) serving as the candidate for a "wavelet set". For each 
(z n ) G E, by Pontryagin duality (z n ) is a character on Qa so that the pairing (q, (z n )) 
defines a one-dimensional unitary representation of Qa- If we take the direct integral of 
these representations of Qa, we obtain the direct integral representation f®(z n )dr of Qa 
on L 2 (E, r), given by the obvious formula 

L(q)/(0*X =o ) = (q,(*0>/((*0£o). 
Recall that the process of inducing and taking direct integrals commutes, so that 

Ind^/V^r) = f [Indgf (z n )^ ]dr. 

J E J E 

A computation similar to that given in Theorem 2.1 of [20J gives the following 

Corollary 4.3. Let g be an orthonormal wavelet in L 2 (Sp,r) corresponding to dilation 

by D and "translation" by the operators {T v : v G Z d }, and suppose that g corresponds 
to a generalized MSF wavelet, so that g = A • Xe where the sets {a k (E) : k G Z} tile Sp 
with respect to the measure t. Then the wavelet representation W of BSa on L 2 (Sp,r) is 
unitarily equivalent the direct integral of induced representations j'^[Ind^^{z n ) ( ^' = ^\dT. 

PROOF. The proof is very similar to that given in Theorem 2.1 of [20j. The most 
technical part is to construct a Hilbert space isomorphism between L 2 (Sp, r) and L 2 {E x 
Z, r x count) that intertwines the wavelet representation W and the induced representation 
in the desired fashion. We leave details to the reader. □ 

Remark 4.4. Thus, a single wavelet tp G L 2 (X,fi) can be used to construct orthogonal 
subspaces that regulate the induction of a wavelet representation from a representation 
of the normal subgroup Qn if and only if ip is a generalized MSF wavelet. Moreover, the 
induced representation involved will be a direct integral of monomial representations, as 
in [20] 
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